Introduction
The study of wave propagation in elastic solids has been of interest in seismology and civil engineering for a long time. Given the fact that more underground facilities (for instance, lifelines and tunnels) need to be designed and constructed with the development of the modern world, it is important to investigate the dynamic response of underground structures to either earthquake excitation or other dynamic loads if applicable. A detailed review of the earthquake response and seismic-resistant design of underground pipeline systems was presented by Ariman and Muleski [1] . The existing methods to solve the wave scattering problem by different types of inclusions embedded in a full space or a half-space were reviewed by Stamos and Beskos [2] . The advantages and disadvantages of each method were discussed in detail.
The studies on three-dimensional wave scattering by inclusions are much less numerous than those on the two-dimensional ones. In this paper, a solution to the problem of the three-dimensional wave scattering by an infinitely long underground structure with a circular cross-section embedded in an elastic half-space is presented.
Special attention is paid to a comparison of the obtained results with those of the previous works dealing with the same type of underground structures as in this paper. Luco and de Barros [3] investigated the two-dimensional response of a viscoelastic half-space containing a buried infinitely long cylindrical cavity of circular cross-section subjected to harmonic plane SH, P, SV and Rayleigh waves by using an indirect boundary integral method based on two-dimensional Green's functions for a viscoelastic half-space. They also obtained the three-dimensional response of an infinitely long cylindrical shell of circular cross-section embedded in a layered viscoelastic half-space and subjected to harmonic waves impinging at an oblique angle with respect to the longitudinal axis of the shell [4, 5] . The procedure employed in the latter references combines an indirect integral representation for the field in the exterior half-space with a model of the pipeline or tunnel based on the Donnell shell theory. The integral representation for the soil is based on the use of the so-called moving Green's functions for the layered viscoelastic half-space. In the paper [5] , the authors validated the accuracy of the proposed method by extensive comparisons with the work by Wong et al. [6] who used the cylindrical eigenfunctions method and the work by Liu et al. [7] who used the boundary integral representation and finite element method for the three-dimensional cases. They also compared their results with those presented by Datta et al. [8] who employed a hybrid technique combining a finite element method with the eigenfunction expansion, Balendra et al. [9] who applied the method of wave function expansion and the image technique, Wong [6] , and Liu [7] for the two-dimensional cases.
In this paper, a semi-analytical method is proposed to calculate the scattering of elastic waves by an infinitely long cylindrical structure of circular cross-section embedded in an linearly elastic, isotropic and homogeneous half-space. The method can be considered to be a straightforward extension of the method used to solve the two-dimensional scattering problems of P, SV, Rayleigh waves [10] and SH waves [11] .
When the scattered waves from the underground structure (tunnel) impinge on the half-space surface, a secondary reflected wave field is generated (the primary reflected wave field is generated directly by the incident plane wave that excites the system). In the spirit of the image technique [12] , the latter are sought for in the form of cylindrical waves that are generated by an imaginary source of an apriori unknown intensity placed at the image point that is positioned symmetrically to the centre of the tunnel with respect to the half-space surface. One of the aims of this paper is to evaluate the contributions of the wave field directly scattered by the tunnel and the secondary reflected wave filed on the dynamic response of the system at the half-space surface and at the half-space interface with the tunnel. Different circumferential modes are taken into account in this evaluation and various convergence tests are presented. The hoop stresses and motions at the interface with the tunnel as well as the ground surface motions are also analysed for two-and three-dimensional cases in order to investigate the effects of the dimension and the presence of the tunnel on the system response. Fig. 1 defines the problem to be analysed: an infinitely long cylindrical tunnel with a circular cross-section, whose axis is parallel to the half-space surface, is subjected to plane harmonic body waves of arbitrary propagation direction, which results in a three-dimensional problem. The materials of both the half-space and the tunnel are assumed isotropic and linearly elastic, and characterized by the Lamé parameters ) is at depth h beneath the half-space surface. 2 o is the image point that is positioned symmetrically to the centre of the tunnel with respect to the half-space surface. xyz ) and cylindrical ( xr ) coordinate systems, the local Cartesian ( 11 xy z ) and cylindrical ( 11 xr  ) coordinate systems centred at the tunnel, and ( 22 xy z ) and ( 22 xr  ) originated at the image of the tunnel. Anti-clockwise is defined as the positive direction in the cylindrical coordinate systems.
Statement of the problem
The time dependence of the incident plane harmonic wave and the response of the system to this wave are assumed to be harmonic and proportional to 
Governing equations
In the absence of the body forces, the equations of motion in the mediums in terms of the displacement vectors i u can be written as
Substituting the Helmholtz decomposition
  into the governing equation Eq (1), we obtain two uncoupled scalar and vector potential Helmholtz equations: 
The stress components can be derived by the Hooke's law [15] . 
This transformation is instrumental for description of the cylindrical displacements and stresses at the tunnel surfaces.
Boundary conditions
The method presented in this paper is general. It can be applied to analyse the dynamic response of the tunnel embedded in a half-space to either external dynamic forces or seismic waves. Considering the problem of vehicles moving either along the half-space surface or through the tunnel, external traction vector are acting either on the half-space surface ( . The boundary conditions considering, for generality, both of the above excitations are written as
If only the incident harmonic plane wave excites the system, the external stresses acting on the half-space surface and the inner surface of the tunnel will vanish, resulting in the traction-free boundary conditions at these surfaces. We assume that the contact condition between the soil medium and the tunnel is perfect. This implies that there is neither partial nor full slip motion at the soil-tunnel interface and there is also no separation at the soil-tunnel interface along normal direction, which results in continuity conditions of all tractions and displacements. The equilibrium of the tractions and compatibility of the displacements at the soil-tunnel interface can be written as
To demonstrate the merit of the proposed method, in what follows, we consider a harmonic compressional wave as external excitation.
Solutions of the governing equations
In this section, the obtained solutions of the governing equations using the method of separation of variables are given in the Cartesian and cylindrical coordinate systems [13] . These solutions are used to construct the complete wave field in the system [15] .
The incident and the primary reflected waves
In the absence of the underground structure in the half-space, the wave field is the sum of the incident ( A , B and C can be determined by satisfying the traction free boundary conditions at the half-space surface.
Wave fields generated due to the presence of the tunnel
Due to the presence of the tunnel, the scattered compressional and shear waves are generated at the outer surface of the tunnel; they are denoted as 11
respectively. When these scattered waves impinge on the half-space surface, a secondary reflected wave field is generated. In the spirit of the image technique [12] , the generated secondary reflected waves are sought for in the form of cylindrical waves that are generated by an imaginary source of an apriori unknown intensity placed at 2 o (see Fig. 1 
are the cylindrical wave numbers of the compressional and shear waves in the soil medium, respectively.
The wave fields in the tunnel also satisfy the Helmholtz equations in the cylindrical coordinate system and are written as 11 ii ii (1) 
are the cylindrical wave numbers of the compressional and shear waves in the tunnel, respectively. According to the phase matching principle, in both the soil medium and the tunnel, the wavenumbers of the compressional and shear waves along x axis are the same as in the incident wave and, accordingly, are equal to x k . The unknown coefficients in Eqs. (22)-(30) will be determined from the boundary conditions.
Total wave fileds
The total wave field in the soil medium ( 1 
Stresses and displacements expressed in terms of complex variables
In this section, we introduce a complex variable 
The components of the displacements and stresses in Cartesian coordinates xyz can be expressed in terms of the complex variables  and  as 2  2  2  2  22  2  2  2  2   2  22   22   2  2i i 2i
By applying the transformation relations between the Cartesian and cylindrical coordinate systems (Eqs. (12)-(13) ), the expressions for the displacements and stresses in the cylindrical coordinate system xr can be written in terms of the variables 2  22  2  2  2i  2i  22   2  2  2  2  2i  2i  2i  2i  2  2  2  2 i 2 2i 2i 
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Conformal mapping
The problem under consideration is complicated by the fact that the half-space and the tunnel surfaces possess different symmetries. In order to circumvent this difficulty, the physical domain is mapped onto an auxiliary domain represented by a complex variable  in the image domain (as shown in Fig. 2) , respectively, and make the two regions in the image domain possess the same symmetry and be concentric. The transformation of the region 1  in the physical domain into the region 1  in the image domain is accomplished by the mapping function [16] 
Derivation of the unknown coefficients using boundary conditions
The traction-free boundary conditions at the half-space surface and at the inner surface of the tunnel, and the continuity conditions of the tractions and displacements at the soil-tunnel interface lead to a linear system of equations in terms of the unknown coefficients.
Based on the relation between the complex variables  and  defined by the conformal mapping functions (Eqs. (56)-(57)), the wave potentials and the expressions for the displacements and stresses can be derived in terms of the complex variables  and  . The expressions are not given in this paper for brevity, they are similar to those presented in the papers on the two-dimensional problems [10, 11] . The derivatives of the cylindrical wave potentials with respect to the complex variables are given by Liu et al in [18] . Substituting Eqs. (31)- (36) into Eqs. (45)- (53) and taking into account the formulated boundary conditions (14)- (17) we obtain a set of algebraic equations in terms of the complex variables  and  .
Finally, using the mapping functions (Eqs. (56)- (57)), a set of algebraic equations in terms of the complex variables  and  can be formulated as
where
Xl  ; each i and j correspond to an unknown coefficient and a boundary condition, respectively. 
To compute the unknown coefficients, the summation over circumferential modes is truncated. When we use the same modes N for both the waves scattered by the tunnel and the secondary reflected waves, we use the weighting function:
When we use N modes for the directly scattered waves by the tunnel and M modes for the secondary reflected waves, in order to formulate a square matrix, Eq (60) are multiplied by different weighting functions, according to
Convergence tests, validations and numberical analysis
In this paper, a stiff soil medium and a concrete tunnel are considered. The stiff soil medium has a modulus of elasticity When the incident harmonic wave propagates in the direction perpendicular to the axis of the tunnel, the problem reduces to a two-dimensional one. Fig. 3 depicts various convergence tests for a two-dimensional wave scattering problem of a half-space with a cavity (limiting case of the half-space with just a cylindrical cavity of the same radius as the outer radius of the tunnel) under a relatively high excitation frequency of 0.5
). Figs. 3 (a-c) show that, considering 6 N  for the directly scattered waves by the cavity, 3 and 9 modes for the second reflected waves are needed to get the hoop stress ( , 3 modes are needed to get convergence for the hoop stress, while 2 modes are needed to get the convergence for the motions at both the tunnel and half-space surfaces. Therefore, 3 modes for both the directly scattered waves and the secondary reflected waves are sufficient to accurately represent the wave fields in the system under the low-frequency excitation of 0.105 Figs. 3 and 4 , the results are in good agreement with those presented by Luco and de Barros [3] for the two-dimensional case and by de Barros and Luco [4, 5] for the three-dimensional case, which confirms the accuracy of the proposed method. There are some benefits of using different numbers of circumferential modes for the waves directly scattered by the tunnel and for the secondary reflected waves compared with the case of using the same number of modes for both waves as done in [10, 11] . The size and condition number of the coefficient matrix in Eq. (61) become smaller and the computational time is reduced. It is also helpful to understand that under low-frequency excitation only a few modes are needed to model the cylindrical waves fields due to presence of the tunnel, while under high-frequency excitation we need more modes to model the secondary reflected waves. In addition, the waves directly scattered by the tunnel affect the satisfaction of the boundary conditions and responses at the tunnel surfaces and barely affect those at the half-space surface. Correspondingly, the secondary reflected waves contribute to the satisfaction of the boundary conditions and responses at the half-space surface and barely contribute to those at the tunnel surfaces. The reason for this phenomenon is the geometrical attenuation of the cylindrical waves. Obviously, the wave potentials have stronger contributions in the near field compared with the far field. shows the hoop stresses on the centreline of the tunnel ( C rR  ) for the two-and three-dimensional cases with tunnel. It is observed that the distributions of the hoop stress in each case are similar, though the magnitudes are quite different. Additionally, the hoop stresses in the two-dimensional cases are larger than those in the three-dimensional cases, and the hoop stresses in the cavity cases are larger than those in the tunnel cases. Furthermore, the hoop stress in the three-dimensional cavity case is greater than that in the two-dimensional tunnel case. The hoop stress at the soil-tunnel interface from the soil side is reduced mainly due to the fact that the waves also propagate in the longitudinal direction of the structure and also due to the presence of the scattered waves in the tunnel, both taking away energy. For the two-and three-dimensional cases, we observe that the hoop stress on the centre line of the tunnel are larger than that at the soil-tunnel interface from the soil side. 
Conclusions
A semi-analytical method was presented for the theoretical analysis of two-and three-dimensional seismic responses of a tunnel embedded in an elastic half-space. The complex variable theory, conformal mapping and the spirit of the image technique were applied to solve the problem. The results obtained using the proposed method for both the two-and three-dimensional cases are in good agreement with those obtained by the other methods, which confirms the accuracy of the proposed method. This paper also evaluates the contribution of the wave field directely scattered by the tunnel and the secondary reflected wave field on the satisfaction of the bounary conditions at the half-space surface and at the soil-tunnel interface. It was shown that the waves directly scattered by the tunnel affect the satisfaction of the boundary conditions and responses at the soil-tunnel interface and barely affect those at the half-space surface. Correspondingly, the secondary reflected waves contribute to the satisfaction of the boundary conditions and responses at the half-space surface and barely contribute to those at the soil-tunnel interface. The investigation of the effects of the dimension and the presence of the tunnel on the system response showed that the additional dimension and the presence of the tunnel reduce the hoop stress at the interface form the soil side. If the design of the underground structure is based on a simple two-dimensional cavity model, it would be a conservative design according to our analysis. The advantages of the proposed method are as follows. First, it is a semi-analytical solution of the problem which reveals that the directly scattered waves and the secondary reflected waves contribute to the system response differently. Secondly, the traction-free boundary conditions are in principle satisfied at the entire half-space surface without truncating at a certain distance from the tunnel. Thirdly, when compared with numerical methods, the computational time is significantly reduced. Furthermore, the solution in the half-space can be combined with a finite-element representation for embedded structures that are complex in shape.
The disadvantage of the proposed method is that the matrix used to determine the unknown coefficients of the cylindrical waves becomes ill-conditioned when we consider very high-frequency excitation, very large shear modulus ratio of the tunnel to the medium and very small depth ratio of the embedded depth to the radius of the tunnel. Correspondingly, the far-field boundary conditions at the half-space surface cannot be satisfied exactly due to some numerical issues, even though the boundary conditions are supposed to be satisfied exactly. Other techniques or a hybrid method will be investigated in the future to overcome this problem.
